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Passive Vibration Suppression of Flexible Space
Structures via Optimal Geometric Redesign

Prasanth B. Nair¤ and Andrew J. Keane†

University of Southampton, High� eld, Southampton, England SO17 1BJ, United Kingdom

A computationalframework is presented for the design of large � exible space structures with nonperiodicgeome-
tries to achieve passive vibration suppression. The present system combines an approximationmodel management
framework (AMMF) developed for evolutionary optimization algorithms (EAs) with reduced basis approximate
dynamic reanalysis techniques. A coevolutionary genetic search strategy is employed to ensure that design changes
during the optimization iterations lead to low-rank perturbations of the structural system matrices, for which the
reduced basis methods give high-quality approximations. The k-means algorithm is employed for cluster analysis
of the population of designs to determine design points at which exact analysis should be carried out. The � tness of
the designs in an EA generation is then approximated using reduced basis models constructed around the points
where exact analysis is carried out. Results are presented for the optimal design of a two-dimensional cantilevered
space structure to achieve passive vibration suppression. It is shown that signi� cant vibration isolation of the order
of 50 dB over a 100-Hz bandwidth can be achieved. Further, it is demonstrated that the AMMF can potentially
arrive at a better design compared to conventionalapproaches when a constraint is imposed on the computational
budget available for optimization.

I. Introduction

D ESIGN optimizationof large � exible space structures to meet
stringentperformancespeci� cations is an enabling technology

to ensure the cost effectiveness and success of future space mis-
sions. For example, Earth science platforms in both low Earth and
geostationaryorbits require the ability to acquire simultaneous and
continuousobservationof the Earth with minimum interference,vi-
brationalor otherwise.1 Integratedcontrols-structuresdesignproce-
duresutilizingformal optimizationtechniqueshave emergedas a ra-
tional methodology to design this class of spacecraft,which require
precise attitude pointing and vibration suppression.This methodol-
ogy allows for simultaneous improvement of the controlled system
performancein terms of pointingperformanceand controllerenergy
requirements and also minimization of the payload mass.

The research programs supported by the NASA controls-stru-
ctures-interaction (CSI) technology program have demonstrated,
both analyticallyand experimentally, the potential bene� ts of using
multidisciplinary design optimization methodology to simultane-
ously achieve weight savings and improved control system perfor-
mance of large� exible space structures(for example,seeRefs. 2 and
3). These studies mainly approached the design problem by sizing
periodicstructuresand thecontrollergainparametersto optimizethe
system performancein the low-frequencyregion. For a comprehen-
sive expositionof the dynamics and control of � exible space struc-
tures, the reader is referred to the monograph edited by Junkins.4

Recently, Keane5 and Keane and Bright6 have explored different
directions, wherein space structures with unusual, that is, nonpe-
riodic or irregular, geometries are designed to achieve passive vi-
bration isolation in the medium-frequency regime. The motivation
for this comes from earlier theoretical investigations into the effect
of disorder on the vibration transmissioncharacteristicsof periodic
structures. These studies indicate that the mechanism of construc-
tive interference of energy waves in nonperiodic structures can be
exploitedto designstructuresthat behaveas passivevibration� lters.
Vibration isolation is achievedhere via energy re� ection as opposed
to dissipation. It has been demonstrated using computational opti-
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mization studies that signi� cant vibration isolation can be achieved
by departing from conventional periodic structural con� gurations.
The theoreticalpredictionsfor the optimizeddesignswere validated
by laboratory experiments on model aerospace structures.6 Theo-
retical and numerical studies related to the design of near-periodic
structures to minimize vibration transmission levels have been pre-
sented by Langley7 and Langley et al.8

This design approachholdsgreat potentialbecausesigni� cant vi-
bration isolationcan be achievedvia passivemeans alone.However,
as notedearlier in Ref. 9, the inclusionof geometricdesignvariables
leads to a large-scalenonconvexdesignspace, and hence, evolution-
ary optimization techniques such as genetic algorithms (GAs) are
required to ensure convergence to good designs.

It is known that stochasticdesign space search techniquessuch as
GAs tend to be pro� igate in terms of the number of function eval-
uations required to converge to an optimal solution. Hence, such
a design methodology is computationally expensive and may re-
quire supercomputingpower for application to practical structures.
Moreover, the repeated evaluationof the dynamic response leads to
a considerable increase in the computational cost, especially in the
medium-frequency region when large-scale � nite element models
are used. These characteristicsmotivate the developmentof a com-
putational optimization framework for arriving at good designs on
a limited computationalbudget.

This paper focuses on design optimizationof large � exible space
structures for vibration suppression.A methodology proposed ear-
lier by Keane,5 which exploits the intrinsic vibration � ltering capa-
bilities of nonperiodic structural systems to achieve passive vibra-
tion isolation,is theunderlyingdesignphilosophyused in thepresent
approach.The primary objective of this research is to develop opti-
mization strategies for arrivingat good designs on a limited compu-
tational budget, that is, using a reduced number of exact analyses.

The approach used here aims to achieve this objective by inte-
grating computationally cheap approximate analysis models with
evolutionary optimization algorithms. Two reduced basis methods
are used in this research to approximate the dynamic response of
modi� ed structural systems. The � rst formulation seeks to approxi-
mate the eigenvaluesand eigenvectors,which are then used to com-
pute the frequency response. The second method involves direct
approximation of the frequency response via a dynamic stiffness
matrix formulation. Both the reduced basis methods use the results
of a single exact analysis to approximate the dynamic response.
An approximate model management framework (AMMF) is then
developed to make use of the computationally cheap approximate
analysistechniquesin lieuof exactanalysisto arriveat betterdesigns
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on a limited computationalbudget.A coevolutionarygenetic search
strategy is employed to ensure that design changes during the opti-
mization iterations lead to low-rank perturbations of the structural
system matrices. This ensures that the reduced basis methods de-
veloped give good quality approximationsfor moderate changes in
the geometric design variables.The k-means algorithmis employed
for cluster analysisof the populationof designs to determinedesign
points at which exact analysis should be carried out. The � tness of
the designs in an evolutionaryoptimizationalgorithm generation is
then approximated using reduced basis models constructed around
the points where exact analysis is carried out.

Results are presentedfor the optimal design of a two-dimensional
space structure to achievepassivevibrationsuppression.It is shown
that signi� cant vibration isolation of the order of 50 dB over a
100-Hz bandwidth can be achieved. Further, it is demonstrated that
the coevolutionary search strategy can arrive at a better design as
comparedto conventionalapproaches,when a constraintis imposed
on the computational budget available for optimization. Computa-
tional studiesare also presentedto gain some insights into the mech-
anismsemployedby the optimaldesign to achievethisperformance.

This paper is organizedas follows.Section II presentsan overview
of the backgroundresearchon dynamics of periodic and disordered
structures, Sec. III presents reduced basis methods for dynamic re-
analysis of modi� ed structures, Sec. IV proposes an AMMF based
on coevolutionaryGA that integrates reduced basis methods to en-
hance the possibility of arriving at good designs on a limited com-
putationalbudget,Sec. V describes the demonstrationexamplecon-
sidered, Sec. VI outlines the optimization strategies applied to this
problem, Sec. VII summarizes the performance of the various op-
timization strategies, Sec. VIII presents numerical investigationsto
gain insights into the mechanisms involved in the vibration trans-
mission characteristicsof the best design, and Sec. IX concludes the
paper.

II. Background
Many modern aerospace structuresare composed of a number of

identical substructures that are uniformly connected in a repetitive
pattern, for example, stiffened shell structures, turbine assemblies,
and large � exible space structures.Such structures tend to have very
particular vibration transmissionbehavior characterizedby a series
of overlapping passbands and stop-bands (where energy is either
transmitted very easily or hardly at all). This behavior has been
the focus of much theoretical research, which has concentrated on
the performance of perfectly periodic structures (for example, see
Mead10) and also those with disordered features (for example, see
Langley7 ). However, the mean behavior of ensembles of randomly
disordered systems can sometimes hide the dramatically different
behavior of individual members with unusual properties, that is,
some sets of irregularities could result in the ability to block vibra-
tion transmission across wide frequency ranges.

One approach to design7 is to exploit this behavior of periodic
structures so that the stopbands span the frequencies of vibration
excitation. Theoretical and experimental studies have well demon-
strated that, when a structure deviates from ideal periodicity, the
vibration transmissioncharacteristicscan change dramatically, that
is, disorder in periodicitycan lead to disruptionof the passband and
stopband behavior.Hence, the idea of designingperiodic structures
in this way has not met with much practical success.

Manufacturinguncertainties, structural faults, or changes occur-
ring in service could easily lead to vibration localization, which
causes the response to be con� ned to a few segments of the struc-
ture as opposed to a response that extends throughout the structure.
As discussed by Lust et al.,11 disorder in the periodicity may also
induce perturbations in a mode shape, which leads to an increase
in the participationof that mode in the response. Hence, depending
on the disorder pattern, localization could be catastrophic because
excessive vibration levels could cause structural failure or desta-
bilizing CSIs.12 An earlier study by Benediksen13 has shown that
localizationis most likely to occur in space structures that have high
modal density and many weakly coupled substructures.

On the other hand, localization could be bene� cial because it
couldpotentiallybe harnessedas a passivevibrationisolationmech-

anism. The numericalstudiespresentedin Ref. 11 indicate that small
random disorder could lead to as much as three orders reduction in
the forced vibration response across a narrow-frequencybandwidth
of 2 Hz. Numerical studies conductedby Keane and Manohar14 and
Langley et al.8 have shown that, when only a single frequencydom-
inates the response, a near-periodic structure (a periodic structure
with small disorder) can achievea dramaticreductionin the response
level at that frequency. This is primarily because of the disorder
causing localization of the mode shape under consideration.

However, to design structures that act as passive vibration � lters
across a broad-frequencybandwidth, larger magnitudes of disorder
may be required to achieve similar reductions in the vibration lev-
els. Furthermore, because many modes contribute to the response
in a broadband-frequencyregion, it becomes impossible to arrive at
general design rules for achieving reduction in the vibration levels.
This is the fundamental premise of the design approach developed
by Keane,5 where a formal optimization technique was used to de-
termine the magnitude and precise nature of disorder that enables a
structure to � lter vibrations across a 100-Hz bandwidth.

This idea of intentionally designing disorder into periodic struc-
tures to reduce vibration levels has also been recently examined
by Castanier and Pierre15 for turbomachinery rotors. It was shown
that intentionalmistuningcangreatlyreduce the rotor’s sensitivityto
randommistuning.These resultssuggest thatnonperiodicstructures
may be more robust as compared to their periodic counterparts.

III. Approximate Dynamic Reanalysis
The equations of motion in the frequency domain of a linear

structural system can be written in the form

[D0.!/]fX0.!/g D fFg (1)

where [D0.!/] D .[K0] ¡ !2[M0] C i![C0]/ 2 Cn £ n is the dynamic
stiffness matrix of the structure; [K0], [M0], and [C0] 2 Rn £ n are
the structural stiffness, mass, and damping matrices, respectively;
fFg 2 Rn is the amplitude vector of the external harmonic forces;
fX0.!/g 2 Cn is the displacement response at the excitation fre-
quency !; n is the total number of degrees of freedom (DOF); and
i D

p
¡1.

Let [80] 2 Rn £ m and [30] 2 Rm £ m be the modal and diag-
onal spectral matrices, respectively, of the baseline structure,
where m is the number of eigenmodes used to approximate
the dynamic response. The eigenvectors are normalized to sat-
isfy the biorthonormality relationships [80]T [M0][80] D Im and
[80]T [K0][80] D [30]. Structural damping is assumed to be pro-
portional, that is, [C0] D ®[K0] C ¯[M0], where Im 2 Rm £ m is the
identity matrix.

Transformation of Eq. (1) to modal coordinates gives

[30] ¡ !2Im C i! C0
q fq0.!/g D F0

q (2)

where fq0.!/g 2 Cm is the vector of modal participation factors at
the excitation frequency !, [C0

q ] D [80]T [C0][80] 2 Rm £ m is the
diagonal modal damping matrix, and fF0

q g D [80]T fFg 2 Rm .
Now, consider the case when changes in the structuralparameters

lead to perturbations [1K], [1M], and [1C] in the stiffness, mass,
and damping matrices, respectively.The equations of motion of the
perturbed system can then be written as

.[D0.!/] C [1D.!/]/fX.!/g D fFg (3)

where [1D.!/] D [1K] ¡ !2[1M] C i![1C] is the perturbationin
the dynamic stiffness matrix.

Here two reducedbasisapproximationmethodsareused to reduce
the computational burden of numerical optimization using large-
scale � nite element models (see Ref. 16 by Noor for an overview
of reduced basis methods). The � rst formulation to be presented
involvesapproximatingthe eigenvaluesand eigenvectorsof the per-
turbed eigenvalueproblem, which are then used to compute the fre-
quency response. The second formulation is developed for directly
approximating the frequency response of modi� ed structures.
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A. Modal Reduced Basis Approximation Method
The method used for approximating the eigenvalues and eigen-

vectors of modi� ed structureswas developedearlier in Refs. 17 and
18. This method uses the baseline eigenvectorand its � rst-order ap-
proximation term as basis vectors for Ritz analysis for the modi� ed
eigenvalue problem. This method is henceforth referred to as the
modal reduced basis approximation (MRBA) method.

The MRBA method postulatesa reducedbasis approximationfor
the eigenvector of mode i of the perturbed system as O

i D ³1
0
i C

³21 i , where 0
i is the eigenvector corresponding to the baseline

stiffnessandmassmatrices, [K0] and [M0], and1 i is the � rst-order
approximation for the eigenvector perturbation.The coef� cients in
the reduced basis representation³1 and ³2 can be computed by solv-
ing the 2 £ 2 eigenproblem

Ki
T fZgi D ¸i Mi

T fZgi (4)

where

Ki
T D 0

i ; 1 i

T f[K] C [1K]g 0
i ; 1 i 2 R2 £ 2 (5)

Mi
T D 0

i ; 1 i

T f[M] C [1M]g 0
i ; 1 i 2 R2 £ 2 (6)

Solution of Eq. (4) leads to two possible values for the approx-
imate eigenvalue of mode i and the coef� cients of the reduced
basis fZgT D f³1³2g. Clearly, for the fundamental mode, the value
with lowest magnitudegives the best approximation.For the higher
modes, the eigenvalue of Eq. (4) that is closest to the higher-order
eigenvalue perturbation derived by Eldred et al.19 is chosen as the
best approximation for that mode. The expression for the higher-
order eigenvalue perturbation20 is

O̧
i D ¸0

i C
0
i

T
1K ¡ ¸0

i 1M 0
i C 1Ái

0
i

T
.M0 C 1M/ 0

i C 1 i

(7)

where ¸0
i is the eigenvalue of mode i for the baseline structure.

After the best approximationfor the eigenvaluehas been chosen,
the corresponding eigenvector approximation can be readily com-
puted. It has been shown by Nair et al.17 that this method gives
good-quality results for moderate to large magnitudes of perturba-
tion in the system matrices. In particular, high-quality approxima-
tions can be obtained for low-rank perturbationsin the stiffness and
mass matrices.

There exists a wealth of methods in the literature for computing
� rst-order approximations of the eigenvectors of perturbed linear
algebraic eigenvalue problems (for example, see Refs. 21 and 22).
In the presentresearch,a zero-ordertechniquebasedon the familyof
modal methods introduced by Akgun22 is used to compute directly
a � rst-order approximation of the eigenvector perturbation, that is,
1 .

B. Direct Frequency-Response Approximation Methods
The objective of this formulation is to directly approximate the

frequencyresponseusinga reducedbasis.This formulationis hence-
forth referred to as the direct frequency-response approximation
(DFRA) method.The choice of basis vectors used here is motivated
by the reduced basis method presented earlier by Kirsch23 for static
reanalysis of structural systems.

In the present formulation, the terms of the Neumann expansion
scheme are used as basis vectors to approximate the displacement
response of the modi� ed structure.The Neumann expansionfor the
solution of Eq. (3) can be written as

f QX.!/g D
1

j D 1

.¡1/ j ¡ 1.[D0.!/]¡1[1D.!/]/ j ¡ 1[D0.!/]¡1fFg

(8)
The Neumann expansion series is convergent only when
k[D0.!/]¡1[1D.!/]k < 1, that is, when the perturbationsin the dy-
namic stiffness matrix are small.

The present formulationuses the terms of Eq. (8) as basis vectors
for approximating fX.!/g. The basic premise of this formulation

is that the terms of the Neumann expansion, although erroneous
in magnitude for large perturbations, provide a good subspace for
approximating the perturbed displacement response. Consider the
case when p basis vectors are used to approximate the dynamic
response. A reduced basis approximation for the displacement re-
sponse of the perturbed system at a given excitation frequency !
can then be written as

OX.!/ D °1.!/fÃ1.!/g C °2.!/fÃ2.!/g C ¢ ¢ ¢ C °p.!/fÃp.!/g
(9)

where °1.!/; °2.!/; : : : ; °p.!/ are the undetermined scalars in the
reduced basis representation. The basis vectors fÃ1.!/g, fÃ2.!/g,
: : : , fÃp.!/g 2 Cn in the preceding equation can be written as

fÃ1.!/g D fX0.!/g

fÃ2.!/g D [B.!/]fÃ1.!/g; : : : ;fÃp.!/g D [B.!/]fÃp ¡ 1.!/g
(10)

where [B.!/] D [D0.!/]¡1[1D.!/] 2 Cn £ n . Equation (9) can be
written using matrix notation as

f OX.!/g D [9.!/]f0.!/g (11)

where [9.!/] D [fÃ1.!/g; fÃ2.!/g;: : :;fÃp.!/g] 2 Cn £ p is thema-
trix of complex basis vectors and f0.!/g D f°1.!/; °2.!/; : : : ;
°p.!/gT 2 Cp is the vector of complex undetermined scalars.

The vector of undetermined scalars are computed using a
Bubnov–Galerkin scheme. This involves orthogonalization of the
residual error in satisfying Eq. (3) to the matrix of basis vectors.
Hence, when Eqs. (3) and (11) are used, a reduced-ordersystem of
equations to be solved for f0.!/g can be written as

D0
R .!/ C [1DR .!/] f0.!/g D fFR .!/g (12)

where [D0
R .!/] D [9.!/]H [D0.!/][9.!/] and [1DR .!/] D

[9.!/]H [1D.!/][9.!/] 2 Cp £ p are the reducedbaselinedynamic
stiffness matrix and the perturbation matrix, respectively, and
fFR.!/g D [9.!/]H fFg 2 Cp . The superscript H is the conjugate
transpose of a matrix.

Note that the dimension of the reduced complex matrix system
of equations is p £ p. The solution of Eq. (12) at each excitation
frequencyof interestgives the vectorof complexundeterminedcon-
stants f0.!/g. This is then substituted in Eq. (11) to compute the
approximate frequency response of the modi� ed structure. The or-
der of the reducedbasisapproximationis consideredhere to be equal
to p ¡ 1, where p is the number of basis vectors used in Eq. (11).
When a small number of basis vectors is used in the reduced basis
representation,Eq. (12) can be solved in a computationallyef� cient
fashion.The most computationallyintensivepart of the formulation
involves the computation of the basis vectors [see Eq. (10)] and the
reduced dynamic stiffness matrices in Eq. (12).

It can be observed from Eq. (10) that the basis vectors can be
computed in a recursive fashion. The system of equations to be
solved for the j th basis vector can be written as

[D0.!/]fÃ j .!/g D [1D.!/]fÃ j ¡ 1.!/g (13)

In Ref. 23 by Kirsch, the terms of the Neumann expansion were
computed exactly. However, here, for the sake of computationalef-
� ciency, the basis vectors are approximately calculated. Note that
the solution of Eq. (13) would require the inversion of [D0.!/].
However, the inverse of this matrix is not readily available from
the analysis of the baseline structure. To circumvent this, an ap-
proximate procedure is used to solve the preceding equation. It can
be seen that the solution of Eq. (13) is equivalent to computing
the response of the baseline structure to a harmonic excitation with
complex magnitude [1D.!/]fÃ j ¡ 1.!/g. An approximate solution
is sought to Eq. (13) in the subspace spannedby the eigenvectorsof
the baseline structure as

fÃ j .!/g D [80]fb.!/g (14)
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where fb.!/g 2 Cm is the vectorof undeterminedcontributionsfrom
each eigenvector to fÃ j .!/g. When Eqs. (13) and (14) are used, the
vector fb.!/g can be computed by solving

[30] ¡ !2I C i! C0
q fb.!/g D fdq.!/g (15)

where fdq g D [80]T [1D.!/]fÃ j ¡ 1.!/g 2 Cm .
Because the coef� cient matrix in the preceding equation is di-

agonal, fÃ j .!/g can be ef� ciently computed using Eqs. (14) and
(15). Similarly, all of the basis vectors used in the reduced basis
representation of the perturbed displacement response can be ef� -
ciently computed. This involves starting with the � rst basis vector
fÃ1.!/g D fX0.!/g and using Eqs. (14) and (15) to compute the
subsequent basis vectors.

Note that the basis vectors computed in such as fashion are ap-
proximate in nature. However, the accuracy of the basis vectors can
be readily improved by increasing the number of baseline eigen-
vectors. Alternatively, modal acceleration techniques of the form
presented by Akgun22 can be used to improve the rate of conver-
gence.However, in the presentresearch,only a subsetof thebaseline
eigenvectorsis used to approximate the basis vectors. For a detailed
comparison study between the accuracy of the MRBA and DFRA
methods, the reader is referred to the work by Nair.24

IV. AMMF
For large-scale systems, the computational cost of approximate

analysis is generally a fraction of that required for exact analysis.
Hence, the approximation model can be used in lieu of the exact
model during the optimization iterations at a considerably lower
computational cost. The underlying idea of the design framework
developed here is to use the approximation model for ef� ciently
sampling larger regions of the design space. This is expected to
enhance the possibility of obtaining superior designs on a limited
computationalbudget.

The AMMF used here is based on the framework introduced
by Nair et al.25 for integrating general single-point approximation
models with evolutionary optimization procedures. The reader is
referred to the work of Hajela26 for a recent review of the state of
the art in evolutionaryoptimization.

The main component of the present AMMF involves the proce-
dure used for the selection of anchor points at which exact analysis
is carried out. The baselineeigenparameterscomputed at the anchor
point can then be used to approximate the dynamic-response data
at other design points using the reduced basis methods described
earlier. In general, approximation errors will increase as the new
design point moves away from the anchor point. Because evolution-
ary optimizationalgorithmsmake use of a populationof designsand
stochastic search operators, the design points in a generation may
span the entire design space, that is, the control of step size in the
design changes is not a straightforward task as compared to line-
search-based optimization algorithms. Hence, advanced strategies
are required to ensure that the errors involved in approximate � t-
ness evaluations are controlled to enhance the capability to predict
design improvements.

A useful way to control the approximation error is to use a do-
main decomposition strategy for grouping the design points in a
generation into clusters. The k-means algorithm20 is used here for
cluster analysis of the population of designs in a given generation.
The anchor point is chosen as the mean vector of the individuals
in a cluster. Exact analysis is carried out for this anchor point, and
the dynamic responseof the other designs in the clusterare approxi-
mated based on the results of this exact analysis.The � tness of all of
the designs in the population is approximatedusing this procedure.
Note that this step also allows for the possibility of ef� cient paral-
lelization of the AMMF because the � tness evaluations for designs
in each cluster can be carried out concurrently.

As discussed in Ref. 24, an AMMF based on single-species GA
does not perform well for problems where a low-� delity model is
used for � tness approximations.This was primarily attributed to the
large magnitude of approximation errors that result when all of the
designvariablesare simultaneouslyperturbed.Theseerrorsarequite
high, and so make the approximate � tness predictions useless for
the purposes of optimization. To reduce the approximation error,

a large number of anchor points/clusters are required. However,
the computational cost increases substantially with increase in the
number of anchor points at which exact analysis is carried out.
Fortunately,as observed in earlier studies (for example, see Refs. 17
and 23), the approximationerrors are lower when the reduced basis
methods are applied to problems involving low-rank perturbations
in the system matrices.

To exploit this characteristicof the reduced basis methods, a co-
evolutionarygeneticalgorithm(CGA) is employedhere in conjunc-
tion with the AMMF. A CGA by constructionvariesonly a subsetof
the design variablesat a time. Hence, the design changesduring the
optimization iterations lead to low-rank perturbationsin the system
matrices.

A CGA modelsan ecosystemconsistingof two ormore sympatric
species having an ecological relationship of mutualism. The reader
is referred to Ref. 27 by Potter for a detailed overview of CGAs.
In the context of structural optimization, the design variables are
grouped into sets corresponding to each substructure, that is, each
species contain a population of alternative values for the substruc-
ture design variables. Collaboration between the various species
involves selection of representative values from all of the species
and combining them into a vector that is then used to compute the
objective function. An individual in a species is, hence, rewarded
based on how well it maximizes the objective function within the
context of the representativesselected from the other species.

The proposedAMMF for CGA-based search in which the cluster
analysis strategy is integrated with the canonical CGA is summa-
rized as follows:

1) Initializea populationof individualsfor each species randomly
(note that all variables not controlledby this species are left at their
original values).

2) Evaluate the � tness of the members of each species. Fitness
evaluation involves the use of the following algorithm:

a) Choose representativesfrom all of the other species.
b) Decompose the design subspace into clusters using the k-

means algorithm and compute the anchor point for each cluster.
Augment the anchor design vector with the values of the represen-
tative designs from other species.Do exact analysis for each anchor
point and construct an approximation model around this point.

c) FOR each individual i in a species being evaluated DO
Form collaboration between i and representatives from

other species to form the design vector.
Approximate the � tness of collaboration using the ap-

proximation model constructed at the anchor point closest to i .
Assign � tness of collaboration to i .

ENDDO
d) Evaluate the best design as predicted by the approximation

model using exact analysis. If the exact � tness is greater than that
of the best design so far (if it exists), replace the elite individual of
this species with the new design.

3) If the termination criteria are not met, then apply a canonical
GA involving the operatorsof reproductionand genetic recombina-
tion to arrive at a new population for each species. Go to step 2.

If nclus clusters are used for predicting the � tness of m species,
the total number of exact analysis at each generation of the CGA
is mnclus C m. The � rst term is due to the requirement of carrying
out exact analysis at the cluster centers for each species.The second
term results from exact analysis of the best design in each species
(as predictedby the approximationmodel) to implement elitism and
prevent loss of the best design to date. Elitism is implemented here
to prevent loss of the � ttest design in each species due to both the
stochastic nature of the search operators, and the dynamic nature of
the � tness evaluation scheme. The best/elite design in a species is
chosen as its representative.

In the present design framework, the CGA is allocated the task of
� ndingdesign improvementsin the face of uncertaintyin � tnesspre-
dictions. Moreover, because each species independently coevolves
a subset of the design variables, effective collaborationbetween the
species is of crucial importance.Each speciesmust constantlyadapt
just to remain in parity with the others. Hence, the evolutionof each
species is constantly driven by evolutionary changes in the species
it interacts with as well as the dynamics of the � tness evaluation
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scheme. However, the effect of � tness uncertainties on the conver-
gencebehaviorof CGAs is a subject area that is not yet fully investi-
gated. Preliminary investigationsby Potter27 appear to indicate that
CGAs are more sensitive to noise as compared to a single-species
GA. Even so, they appear to work well for the present problem.

V. Demonstration Example
The design methodology developed in this research is applied to

optimization of the two-dimensional cantilevered structure shown
in Fig. 1. The structure is subjected to transverse excitation at joint
F near the � xed end. The following values are used for the phys-
ical properties of each structural beam member: � exural rigidity
E I D 1:286 £ 103 Nm2, axial rigidity E A D 6:987 £ 106 N, and
mass per unit length m D 2:74 kg/m. The length of the structural
members is either 1 m or 1.414 m. A � nite element (FE) model for
this structure is developedusing Euler–Bernoullibeam theory and a
consistentmass matrix formulation.A proportionaldamping model
of the form C D ®K C ¯M is chosen, where ® D 0:0 and ¯ D 20:0
to re� ect a lightly, mass proportional, damped structure.

The objectiveof thedesignproblemconsideredhere is to suppress
the vibration response at joint R over the frequency region of 100–

200 Hz. This design problem simulates the case where a given point
on a space structure must be isolated from external disturbances.
For example, an instrumentationpackage may be mounted at joint
R, and it is desired to isolate it from external vibrations arising in
the main body of the satellite.

The objectivefunctionfor this designproblemis de� ned as the in-
tegral of the frequencyresponsesat joint R from 100 to 200 Hz. The
performancemeasure of a candidate design is, therefore, de� ned as

J D ¡20 log10

1
I0

200

100

[u R.!/ C vR .!/ C LµR.!/] d! (16)

where u R , vR , and µR are the axial, transverse, and rotational com-
ponents of the displacement response at joint R, respectively. I0 is
the integral of the frequencyresponsesat R for the baselineperiodic
structure shown in Fig. 1.

The � rst 100 modes are used to compute the dynamic responseof
the structure in the region of 100–200 Hz. The integral in Eq. (16)
is evaluated using a 35-point integration rule, that is, the response
is computed at a resolutionof around 2.7 Hz. The design is param-
eterized in terms of the coordinates of the structural joints, which
are allowed to vary between §0:25 m from the baselinevalues,with
the coordinates of joint R being kept � xed. This leads to a total of
40 geometric design variables.

A FE model with 5 elements per structural member, that is, 567
DOF, is used to compute the free-vibrationnatural frequencies and
mode shapes of the structure. For this problem size, the exact anal-
ysis method takes an average of 152 s to compute the objective
function. In comparison, the MRBA method takes 2.2 s, with the
DFRA1 and DFRA2 methods [i.e., DFRA methods of order one
and two, respectively,corresponding to p D 2 and p D 3 in Eq. (9)]
taking 7.5 and 9.1 s, respectively. The numerical studies reported
here were conducted on a Silicon Graphics Origin 2000 machine
with R10,000 processors.

VI. Optimization Strategies
A. Conventional GA

For the conventionalGA approach, an elitist GA implementation
with binary tournament selection, uniform crossover, and bit mu-
tation is used. The GA implementation used here is typical of that
describedby Goldberg.28 The probabilityof crossoverand bit muta-
tion are kept constantat 0.5 and 0.01, respectively.A binarystringof

Fig. 1 Two-dimensional space structure.

10 bits is used to representeach of the designvariables.A population
size of 100 is used for all of the runs.Note that this approachuses the
exact analysis model to compute the objective function throughout
the search. The conventional GA was terminated after 30 genera-
tions, that is, around 125 h of wall time or 3000 exact analysis.Four
runs were carried out with different initial populationsfor statistical
analysis of the performanceof this search strategy.

B. CGA–AMMF Approach
In the coevolutionarysearch strategy applied to this problem, the

structural design variables are decomposed into � ve sets of eight
variables each. Each set corresponds to the coordinates of the four
jointswithin two bays of the structure.Five speciesare set up, which
are to control each set of design variables.

A population size of 20 is used for each species. Uniform
crossover and bit mutation are applied at a probability of 0.5 and
0.01, respectively.A binary tournament selectionoperatorwas used
throughoutthe search. For each species, the design space is decom-
posed at each generationinto two clusters for computing the anchor
points. Exact analysis is carried out at the center of the cluster, and
the � tness of the designs within each cluster is approximatedusing
a reduced basis model constructed around the anchor point. To im-
plement elitism, an additional exact analysis is carried out for the
best design within each species, that is, a total of 3 exact and 20 ap-
proximate analysis are carried out for each species in a generation.
In summary, the conventional GA approach uses 100 exact anal-
ysis at each generation, whereas the CGA–AMMF approach uses
15 exact analysis and 100 approximate analysis at each ecosystem
generation.

The CGA–AMMF is used in conjunction with the three approx-
imation methods considered here, that is, the MRBA, DFRA1, and
DFRA2 methods. For each case, four runs were carried out to com-
pute the statistics of the convergence trends. The termination crite-
rion was chosen as 125 h of wall time (or 150 ecosystemgenerations
if this was reached sooner).

C. Broyden–Fletcher–Goldfarb–Shanno Algorithm
A limited-memoryBroyden–Fletcher–Goldfarb–Shanno (BFGS)

algorithmdevelopedby Zhu et al.29 for boundconstrainedoptimiza-
tion problems has also been applied to this example problem. The
BFGS method used the exact analysismodel throughoutto evaluate
the objective function and its gradients. The gradients were com-
putedusing forward � nite differenceswith a step size of 1:0 £ 10¡5.
Similar to the conventionalGA approach, the termination criterion
was chosen to be 125 h of wall clock time, that is, around 3000exact
analyses. The baseline periodic structure shown in Fig. 1 was used
as the initial design.

VII. Results and Discussion
A. Comparison of Convergence Trends

As described earlier, a total of � ve optimization strategies were
applied to thedesignproblem:1)conventionalGA, 2)CGA–AMMF
with MRBA method, 3) CGA–AMMF with DFRA1 method, 4)
CGA–AMMF with DFRA2 method, and 5) BFGS method. Note
that the convergencetrends for the � rst four strategies are averaged
over four runs. Each run for an optimization strategy took around 5
days of computer time on a single processor.

The averaged convergence trends of the � ve optimization strate-
gies as a function of wall time and number of exact analysis are
shown in Figs. 2 and 3. A statistical analysis of the performance of
the optimization strategies is summarized in Table 1. The following
observationscan be made from these results.
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1) As comparedto the DFRA methods, the MRBA method shows
a much slower convergence rate. On average, after around 60 h of
wall time, this strategy shows worse performance as compared to
the conventional GA. Note that this strategy used a total of 2250
exact analyses and 15,000 approximate calculations within the ter-
mination criterion used. This suggests that most of the time, the
approximations obtained using the MRBA method were not very
useful for predicting design improvements. However, this strategy
givesbetter results than the BFGS method.The best designobtained
using this strategy has an objective function value of around 36 dB.

Fig. 2 Comparison of optimization history as a function of computational time for all of the optimization approaches.

Fig. 3 Comparison of optimization history as a function of the number of exact analysis for all of the optimization approaches.

Table 1 Statistics of optimal design obtained using various
optimization approaches

Standard Best Worst
Optimization approach Mean deviation value value

Conventional GA 37.85 2.06 40.67 36.01
CGA–AMMF C MRBA 33.33 2.61 35.81 29.72
CGA–AMMF C DFRA1 40.01 4.62 46.07 36.75
CGA–AMMF C DFRA2 47.44 1.24 49.74 46.31
BFGS —— —— 27.52 ——
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2) The BFGS method has a rapid convergence rate in the � rst
15 h. However, thereafter convergence is rather slow. Numerical
experimentsusing other values for the � nite difference step size did
not improve the performance of this algorithm. It appears that the
algorithm gets entrapped in a local optimum during the iterations
and, hence, converged toward a suboptimal design as compared to
the other strategies.

3) The results clearly indicate that, over the time budget allo-
cated for optimization, the CGA–AMMF strategy combined with
the DFRA methods gives better results as compared to the other
strategies. Over the time window of 0–18 h, the DFRA1 method
gives the best design. After this time window, the DFRA2 method
gives signi� cantly better designson averagethroughout.Note, from
Table 1, that the performance of the DFRA2-based optimization
strategy is signi� cantly better than all of the other strategies with
regards to all of the statisticalmeasures considered.The best design
obtained using this method shows signi� cant vibration isolation of
around 50 dB.

4) The quality of approximations appears to be a fundamen-
tal characteristic in� uencing the convergence trends reported here.
Note that the MRBA method is around three times faster than the

Fig. 4 Optimized structure using conventionalGA: objective function,
41 dB; and volume ratio, 0.92.

Fig.5 Optimized structure using CGA–AMMF approachwith DFRA2
method: objective function, 50 dB; and volume ratio, 0.94.

Fig. 6 Optimized structure using BFGS algorithm: objective function,
26 dB; and volume ratio, 1.05.

Fig. 7 Comparison of total displacement levels at R for the optimal designs using conventionalGA, BFGS algorithm,and CGA–AMMF with DFRA2
method.

DFRA1 and DFRA2 methods. However, the high quality of the ap-
proximationsobtained using the DFRA methods appear to be much
more useful when predicting the effect of geometry modi� cations
on the objective function.

B. Comparison of Optimal Geometry and Response
The con� gurations of the optimal designs obtained using some

of the various optimization strategies are shown in Figs. 4–6. For
the evolutionaryoptimization approaches, the optimized structures
shown in Figs. 4–6 are the best designs obtained over four inde-
pendent runs with different initial populations. The corresponding
objective function values for all of the designs are also shown in
Figs. 4–6. Also noted is the ratio of the structural weight of the op-
timum design to that of the baseline structure (referred to as volume
ratio in Figs. 4–6).

It can be seen that the optimal geometry shown in Figs. 4 and 5
have some similarities. The best design of all, shown in Fig. 5, with
the objective function value of 50 dB has a quite regular geometry
near thebaseand the tip.However, themiddleportionof the structure
has a rather unusual geometry. The optimal design found using the
BFGS algorithm has the worst vibration isolation performance as
comparedto the other designs.Not surprisingly,the geometryof this
suboptimaldesign (see Fig. 6) is signi� cantly different as compared
to the other designs.

Also note that most of the designs have lower structural weight
as compared to the baseline structure. In particular, the structural
weight of the best design shown in Fig. 5 is around6% lower. Recol-
lect that no constraintswere imposed on the structuralweight in the
optimizationformulation.This suggeststhat it is possibleto simulta-
neouslydecrease the structuralweight and signi� cantly improve the
vibration � ltering characteristics of the structure considered here.
Note also,however,thatno constraintshavebeenplacedon the static
strength here.

Figure 7 compares the total displacement level at joint R for the
optimum designs in Figs. 4–6. The response of the baseline struc-
ture is shown in Figs. 4–6 for comparison. It can be seen that the
optimum design obtained using the CGA–AMMF with the DFRA2
method show signi� cant reductionsin the responseover the 100-Hz
frequency band region of interest. In addition, vibration isolation
of the order of 24 dB over the broadband-frequency region of
0–200 Hz is achieved. Clearly, improvement in the performance
is not achieved at the expense of increased response at frequencies
that are not considered in the optimization formulation.
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VIII. Response Characteristics of Optimized Design
Recollect that the best design (see Fig. 5) shows around 50-dB

vibration isolation in the region of 100–200 Hz and around 24 dB
in the region of 0–200 Hz. Hence, it is of interest to examine in par-
ticular the distribution of the natural frequencies that occur in/near
these ranges. The distribution of the natural frequencies that occur
in the frequency region of 50–250 Hz for the baseline and the best
design are shown in Fig. 8. It can be seen from Fig. 8 that the base-
line structure has around 42 eigenmodes in that region, whereas the
optimized structure has only 33 eigenmodes.Further, it can be seen
that the optimized structure has stopbands in the frequency region
considered, which are marked in Fig. 8. The largest stopband has a
bandwidth of around 26 Hz.

Fig. 8 Distribution of natural frequencies in the region of 50–250 Hz for the baseline and the optimized structure: , baseline structure; and *,
optimized structure.

Fig. 9 Comparison of forced response behavior of the baseline and the optimized structure for excitation frequencies from 110 to 200 Hz.

The distribution of the natural frequenciesgives an indication of
one of the mechanismsemployedby the optimized structure to � lter
vibrations.Essentially,the highlyirregulargeometryof the structure
leads to thecreationof zonesin the frequencyregionwherenomodes
occur, which are referred to in the periodic structures literature as
stopbands. This is expected to be one of the factors enabling the
optimized structure to block vibrations across the frequency region
considered.

The forced response of the optimized structure in Fig. 5 is next
compared with its periodic counterpart in the frequency region of
110–200 Hz. Figure 9 compares the deformation pattern of the op-
timized structure with the baseline periodic structure. It can be
seen that the optimized structure shows very low response levels
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at the point of excitation and the point where vibration isolation is
achieved.For the baselineperiodicstructure,the responseappearsto
extend throughoutthe length for all of the frequenciesconsidered.In
contrast, the maximum deformation levels for the optimized struc-
ture are seen to occur closer to the cantileveredend. In the frequency
region of 110–200 Hz, the deformation levels in the last � ve bays
are negligible as compared to the � rst four bays.

The forced response characteristics suggest that the low level of
vibration transmission in the optimized structure is achievedvia the
reduction of displacement levels at the point of excitation, which
leads to reduction in the vibrational energy input and localization
of the response close to the point of excitation.

IX. Conclusions
A computational framework for the geometric redesign of � ex-

ible space structures to achieve passive vibration suppression is
presented. This framework combines approximatedynamic reanal-
ysis techniques with an AMMF developed for CGAs. The perfor-
mance of the coevolutionary search strategy is compared with a
conventional GA and a BFGS algorithm. The results indicate that
the dynamic-stiffness-based approximationmethodsgive betterper-
formance as compared to the modal approximationmethod. In par-
ticular, the use of the second-order direct frequency-response ap-
proximation method within the coevolutionaryframework leads to
signi� cantly better designs as compared to the other optimization
strategies considered. These results are very encouraging and sug-
gest the applicability of the present framework to design optimiza-
tion on a limited computational budget.

It is clear that signi� cant vibration isolation of the order of 50 dB
can be achieved over a 100-Hz bandwidth via passive means alone.
Note that this performance was achieved with a simultaneous de-
crease in the structural weight of the order of 6%. Further, the opti-
mized designs do not show any signi� cant increase in the vibration
response at frequencies that are not considered in the optimization
formulation.

Studieson the free-and forced-vibrationresponseof anoptimized
structure have been presented to gain insights into the mechanisms
involved in the vibration � ltering capability. The trends observed
from the numerical studies suggest that the optimized structure in-
trinsically � lters vibrations in the frequency bandwidth considered
via three mechanisms: 1) creation of stopbands in the frequency
region where no modes occur; 2) reduction of vibration amplitude
at the point of excitation,which leads to reduction in the vibrational
energy input; and 3) localized mode shapes, which cause vibrations
to be con� ned near the point of excitation. More detailed studies,
including robustness analysis of the optimal design have been pre-
sented in Ref. 24.

Note that in the design problem taken up only the vibration sup-
pressionlevel is consideredin the performanceindex.When design-
ing space structuresfor practical applicationssuch as space interfer-
ometry missions, one needs to take into account multidisciplinary
concerns from the disciplines of structural statics and dynamics,
thermal analysis, active control, and optics. Hence, a practical de-
sign methodologyshould be multidisciplinaryin nature and should
rationally balance the concerns of the various disciplines.Address-
ing these issues for optimal synthesis of large nonperiodic space
structures with enhanced vibration rejection capability is a chal-
lenging area for future research.
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